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Topics:

@ Deduction systems for logics of coalgebras of certain measurable
polynomial functors on the category Meas of measurable spaces.

@ The role of Lindenbaum’s Lemma in these infinitary logics.
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Lindenbaum’s Lemma: (1920’s)

Every consistent set of sentences can be enlarged to form a
consistent and complete system.

Published by Tarski in 1930.
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Stated for Finitary Consequence Operators:

if o € Cn(X), then ¢ € Cn(Y) for some finite Y C X.

@ implies: the union of a chain of consistent sets is consistent

Henkin 1953 —1955:
Stone’s representation of Boolean algebras is equivalent (without
choice) to the Gddel-Malcev completeness theorem.

BLC 2008 4/24



What is a coalgebra ?

Let T : C — C be a functor.

T-coalgebra (A,«): «is a C-arrow of the form
A—>TA

A = state set

« = transition structure
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Morphism of T-Coalgebras
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Example 1: Directed Graphs / Modal frames

(A,R)with R C A x A.
Define a(x) = {y : xRy} C A.

Then
A—">PA
is a P-coalgebra, where
P : Set — Set

is the powerset functor.

xRy iff y € a(z).
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Example 2: Input-Output Automata

TA= Al x O, for some fixed sets
I (= inputs) and O (= outputs).

A T-coalgebra

A——=Al x O
is a pair of functions
A— AI 3 A— OI )
or equivalently
AxIT——A state transition function, and
AxI——=0 output function.
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Other examples: data structures

lists, streams, stacks, trees,. ..

algebra constructs

coalgebra deconstructs
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The Category Meas

Objects: measurable spaces
X = (X, Ax),

where Ay is a o-algebra of measurable subsets of X.

Arrows (X, .A) ER (X', A):

measurable functions X & X/, ie. Ac A implies f~1(4) € A
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Polynomial functors 7T : Meas — Meas

are constructed from
@ the identity functor Id: X+— X

and

@ constant functors (every Y) — X

by forming
(*] products Ty xT5: X+— 11X x THX,

@ coproducts Tj + Ts : X +— T1 X + THX,
and

@ exponential functors 7% : X —— (TX)¥ with fixed exponent E.
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Measurable polynomial functors:
Constructible using also

AT : Y — A(TY)
where AX is the space of all probability measures on X.

Measure: pu: Ax — [0,00] is countably additive with x(() = 0.
@ Countably additive:
(U, An) = >0 1(Ay) if A,’s pairwise disjoint.
@ Probability measure: u(X) =1.

The o-algebra on AX is generated by the sets
BP(A) ={p | n(A) = p}

where A € Ax andp € [0,1] N Q.
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Theorem [L. Moss and . Viglizzo, Inform. & Comp. 2006]

For any measurable polynomial T, there exists a final
T-coalgebra Xjing

for each T-coalgebra Y there is a unique morphism

1
Y —— Xfinal

Motivation: “universal type spaces” in game-theoretic economics.

Moss-Viglizzo Construction: model-theoretic
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Syntax for fixed T
(cf. B. Jacobs, Many-sorted coalgebraic modal logic, 2001)

@ Ingredient: any functor involved in formation of 7', or Id.

@ IngT": the graph of ingredients of 7' (multi-edged labelled directed)

Q S xS Hs. for j € {1,2};
J

951—#52'“’255]‘;

Q SESs S foralle e E;

Q ASZES forp e [0,1]g;

Q 4" T.
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Many-sorted formulas

Notation: ¢ : S means ¢ is a formula of sort S € Ing T
Q Ls:S
Q Ifp;: Sand s : S, then p; — g : S
©Q A:X if Ae Ax or Ais a singleton subset of X
Q If S5 S inIngT with s # (>p), and ¢ : S’, then [k]y : S

Q IfASelngT and ¢ : S, then [>plp: ASforany p € [0,1]NQ

Probability modality: [>p]e is read “the probability is at least p that ¢”.
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Satisfaction relation
For a T-coalgebra (X, «), define

a,T FEs @

forz e SX,and ¢ :S. Put [o]¢ ={z| o,z =5 ¢}

«,T F&S 1s
a,r =g o1 — @y ff a,z g 1 implies o,z g g2
a,x Fy A iff zxe€A

a, T =5 xs, [Prile it a,mi(z) s, ¢

a, T =g s, [injle  iff x=1in;(y) implies a,y |=s; ¢
a fEse levelp it a, f(e) s ¢

a, x =14 [next]e iff o, a(x) Er e

apl=as Zple it u(lels) = p
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Semantic Consequence Relations

@ Local
I'=¢ye: a,xk=s I implies o,z =5, allze SX.

@ Gilobal
I''=syp: I'ESe forall T-coalgebras «

@ Conseqr ={E%|SelngT}

@ Conseqpr ={Fgs|SelngT}
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Role of Proof Theory

to give a syntactic characterisation of the many-sorted system

Conseqr ={ =g | S € IngT}.
Should depend only on

@ syntactic shape of formulas

@ basic set-theoretic properties of sets of formulas.

Answer: Conseqy is the least Lindenbaum deduction system for T’
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Strategy

@ Axiomatically define the notion of a 7-deduction system :

D={FE|SclIngT}

@ Define D to be Lindenbaum if every F2-consistent set of formulas
can be enlarged to a -5-maximal one.

© Observe that
» Each local system Conseqr = { =% | S € Ing T} is a Lindenbaum
deduction system.

» The global system Conseq; = { =5 | S € IngT'} is a Lindenbaum
deduction system, hence extends the least one.

@ If D is Lindenbaum, construct a “canonical” T-coalgebra (XP, o)
such that

r=e" ¢ iff el
i.e. C’onseq%D =D.
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Conclusion

@ The local semantic consequence systems Conseq?. are
exactly the Lindenbaum 7-deduction systems.

@ The global semantic consequence system Conseqy is
the least Lindenbaum T-deduction system.

When D is Conseqr, (XP,aP) is a final T-coalgebra.
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Rules for Deduction Systems
@ Assumption Rule: ¢ € I"U Azg implies I" g ¢.

@ Modus Ponens: {y,p — ¥} Fg 1.

@ CutRule: lf I'g ¢ forally € ¥ and X g ¢, then I'' g ¢.
@ Deduction Rule: I' U {p} kg ¢ implies I" kg ¢ — 1.

@ Constant Rule: If X € IngT, {—{c}|ce X} Fx Lx.

@ Definite Box Rule: For each edge S ~~ S’ in Ing T with « definite,
I'tg ¢ implies {[|p | p € I'} Fs [kl .

@ Archimedean Rule: If AS € IngT, {[>ql¢ | ¢ < p} Fas [Zp)e.

@ Countable Additivity Rule:
{¢0y---y¢n,...} Fs ¥ implies
{Zpl(po A Apn) [ n <whbas [ZplY.



Failure of Lindenbaum’s Lemma

@ N = the constant functor for the discrete space w = {0,1,2,...}
@ T = the exponential functor N®
@ IngT looks like Id"™5' T4 N

@ (r+— n) is the formula [next][ev,|{n}, of sort Id

@ A T-coalgebra (X, a) has a transition function o : X — w®, with

a,x =g (r—n)iff a(z)(r) =n.
@ Ix={(r—n)—>—=(s—n)|rseR, r#s ncuw}

@ IR is unsatisfiable:

if a2,k then a(z):R—w isinjective @
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@ There is a T-deduction system D for which I is F7-consistent.

e If D was Lindenbaum, then Iy C z with z being -%;-maximal.

But then OZD,l' IZId Ir @
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