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1

Introduction

Both ﬁrst- and second-order logic (FOL and SOL, respectively) as we use
them today were arguably1 created by Frege in his Begriﬀsschrift – if we
ignore the notational diﬀerences. SOL also suggests itself as a natural, and
because of its much greater strength, desirable extension of FOL. But at
least since W. V. Quine’s famous claim that SOL is “set theory in sheep’s
clothing”2 it is widely held that SOL is not proper logic – whatever this is
taken to be by diﬀerent authors – but some kind of mathematics. Even contemporary advocates of SOL like Stewart Shapiro point out its mathematical
character, albeit without regarding this as problematic.3 Recent criticisms
focus both on the ontological commitment of SOL, which is believed to be to
the set-theoretic hierarchy, and on the allegedly problematic epistemic status
of the second-order consequence relation.
1

See William Ewald’s contribution to this volume, pp. 89 ﬀ., on this question.
[Quine, 1970], pp. 66–68.
3
[Shapiro, 1991], see esp. p. vi–vii and p. 48.
2
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This paper focuses on the second issue, and investigates the claim that
the second-order consequence relation is intractable because of the incompleteness result for SOL. The opponents’ claim is that SOL cannot be proper
logic since it does not have a complete deductive system. I will argue that the
lack of a completeness theorem, despite being an interesting result, cannot
be held against the status of SOL as a proper logic.
I mainly deal with SOL in this paper. But of course there is an unsurveyable manifold of logics that are not complete – a whole range of ﬁrst-order
modal logics, for instance – to which my argument equally applies (if it holds
for SOL). I will also only consider the classical versions of propositional, ﬁrstand second-order logic, since most of the present discussion concerning SOL
focuses on this case. This is especially true for the incompleteness allegation.
It seems to me, though, that the argument is general enough to carry over
to non-classical versions of these logics as well.

2

The Complaint

The notion of completeness that is the focus for the present discussion, and
that will be my concern here, is sometimes called strong semantic completeness. This kind of completeness is a metatheoretic result that holds (or fails
to hold) between two diﬀerent consequence relations. The ﬁrst of these is
deductive consequence. It is usually symbolized as ‘Γ  S’ which can loosely
be read as ‘S can be deduced from Γ’ where ‘S’ is a sentence of the relevant
language and ‘Γ’ a – possibly empty – class of sentences of the same language. This relation is contrasted with that of semantic (or model-theoretic)
consequence. We usually symbolize this as ‘Γ |= S’ and read it informally
as ‘All models that make Γ true make S true as well’. If the deductive consequence relation does not hold between any sentences between which the
model-theoretic consequence relation fails to hold, we speak of soundness.
The converse we call completeness.

ΓS
Soundness ⇓

⇑ Completeness
Γ |= S
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The worry mentioned in the introductory section is directed at the failure
of completeness for SOL: there are model-theoretic validities of SOL that
cannot be derived in its deductive system. If a consequence relation cannot
be tracked by way of the deductive system, the criticism usually continues,
then it cannot be the case that we are dealing with a proper logic. Rarely are
arguments provided as to why this should be the case.4 Quine, for example,
raises the incompleteness objection against SOL, but interestingly enough
not in his Philosophy of Logic where he claims SOL is set theory in disguise.
He raises the issue of incompleteness in this book, but only in his objections
against branching quantiﬁers.5 With respect to SOL, it seems, Quine ﬁrst
mentions incompleteness in a response to Hao Wang.6 In neither case does
he provide an argument why the lack of completeness is supposed to show
that we are not dealing with a proper logic.
Perhaps the motivation behind the demand for the completeness of a
proper logic can be reconstructed as follows: Logical consequence is intuitively taken to be a semantic notion. The logical consequence relation might
be said to hold between some premises and a conclusion if, and only if, the
truth of the conclusion is guaranteed by the truth of the premises in virtue of
their logical form alone. ‘Logical form’ here can be taken to mean something
like the semantic structure of the sentences (or, if you will, the propositions
they express). It is therefore the formal semantics, i.e. the model theory,
that captures logical consequence. The deductive system merely gives us a
bunch of inference rules. If completeness fails this shows that the deductive
system does not properly capture logical consequence.
Such a position exhibits a preference of model theory over the deductive
system. Let’s call a logician who favours model theory as the right way
to capture logical consequence the model-theorist, and her opponent who
favours the deductive system the proof-theorist.7 (Of course I do not suggest
that every actual logician can be put in one of these boxes, let alone exactly
one of them.) Say, the model-theorist claims that in absence of a model
theory it cannot be decided which rules of inference are the logical ones.
Furthermore, she might say that model theory provides the proper analysis
4

Jan Woleński’s contribution to this volume, pp. 369 ﬀ., is one of the rare exceptions.
See also [Wagner, 1987].
5
[Quine, 1970], pp. 90–91.
6
[Quine, 1986], p. 646.
7
[Shapiro, 1991], chapter 2, see esp. p. 35, draws a similar distinction: He discusses the
diﬀerence between what he calls the foundational and the semantic conception of logic.
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of the concept of logical consequence and therefore gets close to its very
nature, while the deductive system at best achieves extensional adequacy.
The proof-theorist, on the other hand, could insist that the logical form of
a sentence is exhibited by the logical constants that it contains, and that
these get their meaning from their introduction- and elimination-rules. She
could resist the thought that we need model theory to separate the good, i.e.
logical, introduction- and elimination-rules from the bad ones, and might
claim that, on the contrary, it is not clear how model theory is supposed to
help us in deciding this question. And why shouldn’t one be able to give
a conceptual analysis using a deductive system? Logic, after all, is about
inference, and so are deductive systems.8
All these issues are important, and good arguments have been put forward
on both sides. The above paragraph certainly does not faithfully represent
the complexity of the actual debate, which not only goes beyond the issues
I have mentioned but also far beyond the scope of this paper. That many
other criteria are suggested by both proof- and model-theorists and adopted
to argue for or against SOL and other logics is of course understood, but
will not concern us here. For very little in the sketched arguments and the
whole debate depends on completeness proofs. Crucially, the question of
completeness comes into play only after the other issues have been settled.
This is the point I will examine and develop further in the following sections.

3

Logical Consequence

The unqualiﬁed claim that SOL is incomplete needs to be made more precise. No deductive system is semantically incomplete in and of itself; rather a
deductive system is incomplete with respect to a speciﬁed formal semantics.
The deductive system of SOL, for instance, is incomplete with respect to
the standard model-theoretic semantics. In standard model theory a model
consists of a set of objects called the domain and an interpretation function.
This function assigns objects in the domain to names of the language, subsets of the domain to predicate letters, subsets of the Cartesian product of
the domain with itself to binary relation symbols and so on. The ﬁrst-order
quantiﬁers range over the domain, while the second-order quantiﬁers range
over the subsets of the domain in case the quantiﬁer binds a predicate variable, over the subsets of the Cartesian product of the domain with itself in
8

See for example [Tennant, 1986].
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case the quantiﬁer binds a binary relation variable etc.
As is well-known, standard semantics is not the only semantics available.
Henkin semantics, for example, speciﬁes a second domain of predicates and
relations for the upper case constants and variables. The second-order quantiﬁers binding predicate variables, e.g., can be thought of as ranging over
a subset of the powerset of the ﬁrst-order domain. What is relevant to the
present discussion is that the deductive system of SOL is sound and complete
with respect to a Henkin semantics.9 With suitable restrictions on the class
of models even compactness, Löwenheim-Skolem, and Löwenheim-SkolemTarski hold.10 To pick up a thought of Shapiro’s,11 one might think that
standard (as opposed to Henkin) semantics does not provide enough models
to invalidate all sentences of the language of SOL that are not theorems. So
here we have a completeness theorem for SOL. But it would be bizarre to
claim that the incompleteness complaint is thereby refuted.
It is often suggested that, interpreted with a Henkin semantics, SOL is
basically a two-sorted ﬁrst-order logic. This would also explain the apparent tension between the above mentioned results and Lindström’s theorem:
No logic that goes beyond the expressive power of FOL satisﬁes both the
compactness and the Löwenheim-Skolem theorem.12 It is also worth noting
that a feature of SOL gets lost when a Henkin semantics is adopted; the
very feature that attracts many of those who are interested in SOL to it.13
SOL with standard semantics allows for categorical axiomatizations of certain
mathematical theories, such as arithmetic or real analysis. A mathematical
theory is categorical if, and only if, all of its models are isomorphic. Such
a theory then essentially has just one model, the standard one. First-order
axiomatizations of, for instance, real analysis cannot be categorical since the
Löwenheim-Skolem theorem holds, which directly contradicts categoricity: If
there is an uncountable model, there will be a countable one as well. For the
same reason SOL with Henkin semantics cannot deliver categoricity results.
It seems that the desire to have a complete logic leaves us with one that
deprives us of the possibility of having categorical characterizations of inﬁnite structures. Completeness and categoricity apparently pull in opposite
9

[Henkin, 1950].
[Shapiro, 1991], pp. 88–95.
11
[Shapiro, 1998], p. 141, dismisses this view, but also see his fn. 10 on the same page.
12
[Lindström, 1969].
13
See for example [Shapiro, 1991] and [Shapiro, 1997].
10
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directions. As desirable as it might seem, one cannot have both.14 (Other
projects in the philosophy and foundation of mathematics which require SOL,
e.g. the Neo-Fregean programme,15 might not depend on standard semantics,
of course.)
I will not take sides here in the debate regarding whether standard or
Henkin semantics is the “right” semantics. Nevertheless, it is important to
realise that Henkin and standard semantics are not the only options available.
Substitutional, game-theoretical, or topological semantics, Boolos’ plural interpretation,16 or even a semantics inspired by Leśniewski recently suggested
by Peter Simons17 surely do not exhaust the alternatives. Further, I contend that the issues concerning completeness and logical consequence are
more likely to be obscured than elucidated by a discussion about “the right
semantics”. (What are the criteria for the “right” semantics? On which independent, i.e. non-question-begging grounds can we decide? Is the “right”
semantics “right” tout court or is it the “right” one with respect to some
purpose? Is there only one “right” semantics?) A more direct approach is
called for.
So let’s take a step back and reﬂect on key features we want a proper
logic to have and what its relation to logical consequence is. We want our
logic to be formal. I will henceforth use ‘formal system’ (or sometimes even
just ‘system’) in a somewhat unorthodox way. We often use ‘formal system’
as short for ‘formal deductive system’, i.e. a formal language together with
some rules of inference. The meaning I intend is broader: It includes any
axiomatic system as long as it is based on a formal language; in particular it
includes model theory. Whenever I refer to deductive systems in particular
I will explicitly use ‘deductive system’. So we want a logic to be a formal
system in the above sense. The reason for the possibly non-standard usage
will become clear in a moment. It is to be found in a Fregean thought,
made explicit in the short 1882 paper On the Scientiﬁc Justiﬁcation of a
14

The relation between and historical signiﬁcance of categoricity and completeness is
investigated in [Corcoran, 1980] and [Read, 1997].
15
See [Wright, 1983], [Hale and Wright, 2001] and [MacBride, 2003].
16
Cf. [Boolos, 1984], [Boolos, 1985], [Boolos, 1994]; for ways to account for relations along the lines that Boolos suggest for the predicates see [Burgess et al., 1991],
[Hazen, 1997a] and [Hazen, 1997b], and for an alternative way in Boolosian spirit
[Rayo and Yablo, 2001]; investigations into the strength of Boolos’ plural semantics are
[Rayo and Uzquiano, 1999] and [Uzquiano, 2003].
17
Cf. [Simons, 1985] and [Simons, 1993], see also [Simons, 1997].
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Begriﬀsschrift. Frege published this paper in response to criticism directed
at his Begriﬀsschrift:18 We need a formal symbolic system such that the
content cannot escape the rigorous logical form.19 This thought can certainly
be found in the Begriﬀsschrift itself already.
I take this thought to be of general importance: We are looking for formal
systems which axiomatize, characterize, or formalize in some other way some
notion, or notions, in such a way as to secure the intended content. These
notions may themselves be pre-theoretic. Our particular concern here are
logical systems, which are those formal systems that capture and formalize
the notion of logical consequence. In this light, one might be tempted to
read the soundness result as: “We will not deduce a sentence from a class of
premises that is not a logical consequence of them” (we will come back to
this later), and the completeness result accordingly as: “We can deduce every
sentence from a class of premises that is a logical consequence of them”. But
this should give us pause. First, logical truths are (by deﬁnition) logical consequences of the empty class of premises and hence, by monotonicity, logical
consequences of every class of premises. But certainly a logical truth of FOL
cannot be deduced in the deductive system of propositional logic. Propositional logic is complete, and is a proper logic if anything is. Yet a logical
truth like ‘(∀x(F x ⊃ Gx) ∧ F a) ⊃ Ga’ escapes its consequence relation. The
solution to this “puzzle” is of course simple20 and leads us to the second
point: As noted above, completeness is a metatheoretic relation that holds
between a deductive system and a formal semantics. So the two consequence
relations we are dealing with are the deductive and the formal-semantic ones.
Let’s assume for the sake of simplicity that the formal semantics is model
theory. So completeness shows that every deductive consequence of a class of
sentences is, in addition, a model-theoretic consequence of those sentences.
But how does logical consequence get into the picture?
Given the broad notion of a formal system as described above it now
seems clear that we are dealing with two formal systems here: the deductive
system and the model theory. If there is a soundness and a completeness proof
18

[Frege, 1879].
“Wir bedürfen eines Ganzen von Zeichen, aus dem jede Vieldeutigkeit verbannt ist,
dessen strenger logischer Form der Inhalt nicht entschlüpfen kann.” [Frege, 1882], p. 52.
20
Another easy solution that comes to mind is that propositional logic simply lacks
the expressive power that these sentences require. It can therefore not be accused of not
capturing logical truths of predicate logic. That is of course correct. I will say more about
systems with increasing expressive resources in the beginning of section 4.
19
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we know that this duplication does not matter: Both systems capture the
same consequence relation. If we can derive nothing but logical consequences
of given premises in one system, then this will be the case for the other
system as well. But if completeness fails, we will have to decide which of
the two systems (if any) is the one that captures logical consequence. If one
decides that it is the deductive system, one will hold that the model theory
is defective in the sense that it produces a surfeit of consequences of a set
of sentences which are not actually logical consequences of it. One might
then say that the model theory does not provide an appropriate model of the
logical consequence relation that is speciﬁed by the deductive system, and
consequently reject the semantics.21 The failure of completeness, therefore,
does not disqualify the deductive system from capturing logical consequence
and therefore being a proper logic (other features might still have this eﬀect,
of course). If, on the other hand, one has convinced oneself that model theory
is the system that properly codiﬁes logical consequence, one will presumably
think that the right thing to do, when one wants to do logic, is just that,
viz. model theory.22 It is hard to see why the lack of a complete deductive
system should cast doubt on the model-theoretic system as a logic if one has
independent reasons to believe the model theory to properly capture logical
consequence.
So let’s re-assess what the signiﬁcance of soundness and completeness
proofs is. They show us very important features of the two systems. For example, they show that results from the one system can be carried over to the
other. If I prove a theorem of ﬁrst-order logic, by soundness I know that this
sentence is valid, i.e. it is true in all models. If I provide a model that makes
a sentence false, again by soundness I know that I won’t be able to prove it.
Completeness allows us to make these transitions in the reverse direction. A
model-theoretic argument can establish that a sentence is a consequence of
some other sentences. If completeness holds one knows that there is also a
21

John Etchemendy seems to hold such a view with respect to SOL. In his terminology,
the standard semantics for SOL “overgenerates”. See [Etchemendy, 1990], esp. pp. 158–
159.
22
Jon Barwise might have had something like this in mind when he wrote: “Mathematicians often lose patience with logic simply because so many notions from mathematics lie
outside the scope of ﬁrst-order logic, and they have been told that that is logic. The study
of model-theoretic logics should change that, by ﬁnding applications, and by the isolation
of still new concepts that enrich mathematics and logic. [...] There is no going back to
the view that logic is ﬁrst-order logic.” [Barwise, 1985], p. 23.
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derivation in the deductive system. The reason to prefer a proof to be carried
out in one or the other system might have to do with the time it takes to
carry out the proof or other matters of convenience. George Boolos provides
us with the example of an inference that can be shown to be valid with a
relatively short model-theoretic argument.23 Since all the premises and the
conclusion are ﬁrst-order, by completeness we know that there has to be a
derivation of it. As it turns out, this derivation would contain more symbols
than particles exist in the known universe. Our incapability to carry out
such a proof seems to be a pretty good reason to prefer the model-theoretic
argument over the derivation, no matter whether one thinks that the true
way to formalize logical consequence lies in a deductive system or in model
theory. Very often it will be more convenient, though, to derive consequences
in the deductive system than to provide a model-theoretic argument. Take
the case of a second-order inference and imagine a logician who thinks that
the standard model theory properly captures the logical consequence relation. A derivation in the deductive system is, by soundness, as good as a
model-theoretic argument as a means of showing that the conclusion of the
deduction is a logical consequence of its premises. The mere fact that there
are semantic consequences for which there is no derivation in the deductive
system does not throw any doubt on it being a logical consequence (again,
other considerations might well do so).24
I said above that one might be tempted to think that a soundness proof
shows us that one can only derive logical consequences in a deductive system.
It seems quite obvious now that this can only be the case if one already
has established independently that the model-theoretic consequence relation
23

For details see [Boolos, 1987]. Boolos’ main interest in this paper, though, is that SOL
allows us to carry out the proof on two pages while the ﬁrst-order proof appears to be
physically impossible. His observation, however, holds for the model-theoretic proof, too.
24
Another way in which the existence of a soundness and completeness proof can be
interesting is pointed out by [Kreisel, 1967], pp. 152–157: We want to capture the pretheoretic notion of logical consequence. Now we convince ourselves that any derivation in
the deductive system is licensed by our pre-theoretical notion, and any pre-theoretically
valid inference is valid in the model theory as well. A soundness and completeness proof
then ties all three notions together and shows that they are all equivalent. This is consistent
with what I said above: It ﬁrst needs to be shown that the pre-theoretic notion is indeed
sandwiched in this way between the deductive system and model theory, and it does not
follow from the impossibility of applying Kreisel’s strategy, e.g. in the case of SOL, that
either system fails to capture logical consequence. The reﬁnements in section 4 will make
this point even clearer.
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embraces only logical consequences. But it provides us with another very
important insight: A soundness proof assures us that the deductive system in
question is consistent, i.e. that we will never be able to prove a contradiction
in it (from no premises) – provided the model theory is consistent. This
certainly is a desirable feature of logic, to say the least.

4

Refining the Picture

The considerations above require reﬁnements in two respects. First, I have
been speaking of the logical consequence relation that is captured by a formal system. It seems better to speak of a part of logical consequence here.
Propositional logic, for example, is a proper subsystem of FOL, yet even if
we had reason to believe that FOL captured all of logical consequence we
would not want to deny the status of a proper logic to propositional logic
just because it fails to capture all of logical consequence. The situation is
more dramatic for someone who does not think that there is no proper logic
stronger than FOL. Second-, third-, fourth-order logic and so on might be
thought to be proper logics. If we thought we could chase all the way up to ω
(and beyond?) there might not even be an all-inclusive system that captures
the whole of logical consequence. Modal logics might be considered proper
logics and the various systems might not mix well, especially when the conception of logic is a semantical one. Since my aim here is to stay as neutral
as possible on the question “What is proper logic?” it seems advisable rather
to speak in general of systems that partially formalize logical consequence.
The second reﬁnement that is needed is due to the fact that the actual
process of coming up with a formal system that captures logical consequence
is a bit more complicated than the above picture suggests. For example, it
might well be the case that the attempt to provide a formal system as an
alternative to one that is in use already leads to the discovery of a surprising
mismatch between the original system and the new one. Let’s say we have
two deductive systems, X and Y . X is traditionally thought to capture a
certain class of logical inferences. The new system Y is suggested because it
contains some features which are thought to be advantageous in application;
it might be that it allows for shorter proofs, for example. When the logician
constructs Y she wants to come up with a system that is equivalent to X in
the sense that any sentence is amongst the theorems of X if, and only if, it
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is amongst those of Y .25 Now let’s imagine it turns out that the two formal
systems do not match in that sense. I will consider three ways in which this
could be the case:26 (1) Y is a proper extension of X, i.e. all theorems of X
are theorems of Y , but not the other way around, (2) X is a proper extension
of Y , or (3) the systems contradict each other, i.e. the union of the class of
theorems of X and the class of theorems of Y is inconsistent.27 The reaction
to this as described above is to decide on one of the systems, the one that
properly captures the pre-theoretic notion. Let’s say that in cases (1) and
(2) one would convince oneself that the respective stronger system does not
generate theorems that lie outside the pre-theoretic notion. Now, in the ﬁrst
case it seems that the natural response would be henceforth to stick to the
new system Y . It formalizes a part of the pre-theoretic consequence relation
that was hitherto unaccounted for. Since X is a subsystem of Y we know
that all the sentences we have proved in the past in X will be theorems of
Y as well. In the second case one would probably try to ﬁx Y such that it
captures the missing part of the consequence relation as well.
If we, on the other hand, come to believe that the “extra theorems” of the
respective stronger deductive system are illegitimate in the sense that they lie
outside of what is warranted by the pre-theoretic notion, in case (1) we might
try to weaken Y until it matches X and so does not generate these “extra
theorems” anymore. But (2), here, will be the really interesting case. We
are in the position of having discovered that the old system X allowed us to
prove sentences which on reﬂection upon the pre-theoretic notion should not
be provable. A likely response is to stick to the new system, Y , in the future
and weaken the old one, X, to see which axioms or rules are responsible
for the “false” theorems. Depending on how well entrenched X was, some
revision of previous results derived in X might be necessary.
Case (3) is equally interesting. One has to ﬁnd out in this case which of
the two systems really does capture the pre-theoretic notion. And it might
25

I restrict myself here and in the following to the theorems of the systems for the sake of
the simplicity of the exposition. The picture extends in the usual way to the consequence
relations.
26
One can of course distinguish at least six relations in which two such systems can
stand to each other: The three I discuss in the following, the case where the systems are
disjoint, and two cases of overlap: in one the union of the systems is consistent, in the
other one it is not. In any case, the resulting situations would be similar in the relevant
respects to the ones I describe.
27
We might diﬀerentiate between considering the union and the closure of the union.
This would give us even more cases than mentioned in the previous footnote.
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turn out that it is neither. It seems that a case of type (3) is most likely to
occur when the logician develops the new system because she is unsatisﬁed
with the old one. She is then most likely to design a formal system directly
due to reﬂection on the pre-theoretic notions and to be little, if at all, guided
by the old system. In any of these cases, though, the mere mismatch of the
systems is not going to provide one with an answer to the question: Which of
the systems is to be modiﬁed or rejected? But it is a valuable indicator that
one has to look out for arguments and that some adjustments are needed in
at least one of the systems.
It is worth emphasising that ﬁt between two systems does not guarantee
that the intended notion is properly captured. The original system might
fail to provide theorems it should have, or have too many. If the new system
is then designed to match the old one, this failure will carry over. The mere
proof that two systems agree on their theorems cannot show that the pretheoretic notion is captured unless one has independent reasons already to
believe that one does. Equally, in the case of a mismatch there is certainly no
guarantee that one of the systems is the correct one. Both might be wrong.
I doubt that anyone would have deep objections to my case descriptions.
And if I’m right about the relation between formal semantics and deductive
systems with respect to pre-theoretic notions then the same picture must
hold true in this case as well. Let the X and Y above be a deductive system
and a formal semantics, respectively. (1) then corresponds to a situation in
which we have soundness and incompleteness, as is the case for SOL with
standard semantics, (2) would be completeness, but failure of soundness, (3)
the failure of both. Let’s consider (1), and the case of SOL with standard
semantics, where we decide to favour the model theory. In light of Gödel’s
incompleteness theorem there is no hope of coming up with some additional
axiom that will provide us with a deductive system that will allow us to
deduce everything that is given by the standard model-theoretic consequence
relation. But where it works out, we can rely on the standard deductive
system anyhow, since the soundness theorem holds. For the rest we have to
do model theory which – after all – we have assumed is the right place to look
for logical consequence anyway. If, on the other hand, we convince ourselves
that the deductive system properly captures logical consequence, but for some
purposes we require a complete model theory (rather than rejecting modeltheory as a whole), we would go for a Henkin semantics.28 (2) corresponds
28

[Shapiro, 1999], p. 51, suggests that Henkin semantics is the right tool to study the
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to SOL with entirely unrestricted Henkin models: completeness holds, but
soundness fails.29 If we decide to favour the deductive system we will restrict
the class of Henkin models in a way that puts us into the position to prove
soundness. Should we decide that the Henkin semantics captures what we
are after we have to weaken our deductive system. It is, however, hard to
imagine cogent reasons for adopting this last option. Concerning (3) we
again ﬁnd ourselves in the position where both systems are most clearly up
for discussion; although it has to be said that this, of course, is the case for
all three scenarios.
Failures of match between formal systems which are meant to capture the
same pre-theoretic notion show us that some reconsideration needs to be undertaken. The failure of soundness or completeness is a special and important
case of this, and there are some well-known examples of such investigations
which have given rise to fruitful developments in formal logic. Tarski’s original model-theoretic account, for example, arose from his dissatisfaction with
the previous characterizations of the concept of logical consequence.30 This
ﬁrst account operated with a domain that does not change in cardinality.31
Hence for an inﬁnite domain, for any n ∈ N any sentence of the language
that expresses there exist at least n objects comes out as a logical truth –
a feature usually deemed undesirable. Even worse, for ﬁnite domains, which
sentences of this form are logical truths depends on the size of the domain.
Up to the n that is the cardinality of the domain the sentences come out as
logical truths, for greater n they come out as logical falsehoods. This is ﬁxed
in the model theory that we use today, and model theory has grown to be a
very powerful and fruitful area of mathematical logic.
Something similarly exciting happened in the area of modal logic. Saul
Kripke gave possible worlds semantics to a whole range of modal logics, and
C.I. Lewis’ original systems S4 and S5 turned out to be both sound and complete with respect to their respective possible worlds semantics. By having
this semantical tool to hand, many more axiomatic systems could be designed (K, D, T, B, etc.). On the other side of the story, the soundness proof
for Lewis’ other systems failed, leading to the development of a semantics
that includes so-called “impossible worlds”. Again, more axiomatic systems
were developed and “impossible worlds semantics” plays an important role,
deductive system of SOL, for example.
29
Cf. [Shapiro, 1991], p. 88.
30
[Tarski, 1936].
31
Cf. [McGee, 1992].
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e.g., in epistemic logics, some relevant and paraconsistent logics, and formal
semantic theories of information.
Before we conclude, note that it might be the case that the study of formal systems eﬀects our so-called pre-theoretic intuitions.32 Nothing in the
discussion above hangs on whether pre-theoretic notions are ﬁxed. Should
a pre-theoretic notion change over time, for whatever reason, a new system
is called for to capture the changed content. The old systems might survive and still codify technical concepts which are not to be identiﬁed with
the changed pre-theoretic notions. The point remains the same: Should
metatheoretical studies yield a mismatch between two systems – and one of
those possible mismatches is what we call semantic incompleteness – independent arguments have to be provided concerning which of the two systems
is the one that properly captures the pre-theoretic notion, if any. When the
pre-theoretical notion that is to be formalized is that of logical consequence,
incompleteness alone cannot serve as an argument to disqualify a system as
a proper logic, since it does not provide us with a criterion to decide whether
to reject the deductive system of the model theory. Much less is it acceptable
to dismiss both of a pair of formal systems, say the deductive system of SOL
and its standard model theory, on the grounds that they don’t match.

5

Conclusion

I argue above that completeness results can provide insights into properties of
formal systems. This is because soundness and completeness really constitute
equivalence proofs. The failure of equivalence of two systems which are meant
to formalize the same pre-theoretic notion suggests that these systems have
to be investigated again to see what is wrong with at least one of them. But
one will always have to provide independent arguments why a formal system
under discussion does not properly capture (part of) logical consequence.
The mere perfect match of a model theory to a sound deductive system,
i.e. completeness, cannot provide such an argument unless one already has
provided other arguments that show that one of the systems does in fact
properly capture this part of logical consequence.
Imagine, for example, that the standard model theory is not only the
32

There is a debate on this under the heading of “normative vs descriptive aspects of
logic”. [Resnik, 1985] argues that pre-theoretic and formal notions eventually reach a
reﬂective equilibrium.
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right tool to capture logical consequence, but also the only way to give a
conceptual analysis of logical consequence – as brieﬂy mentioned as an option in the end of section 2. It should therefore be the case that the best
shot a deductive system had was to be extensionally adequate with respect
to the right model theory. Now, if the completeness proof fails, this surely
does not show that the model theory did not properly capture logical consequence. The deductive system on this view is an addition to the conceptual
analysis of logical consequence given by the model theory. The latter is not
to be measured in light of the former. The possible failure of the conceptual
analysis would have to be shown in another way. The same holds mutatis
mutandis if the deductive system is given precedence.
I’m under no illusion of having shown that SOL is proper logic. What
I have argued for is merely that one cannot draw on the incompleteness of
deductive systems of SOL with respect to standard semantics to show that
either of the systems is not a proper logic. The arguments provided should
be suﬃciently unspeciﬁc to SOL to hold generally for logical systems which
lack a completeness result. Traditionally, most logics started their formal
career as a deductive or axiomatic system. All that should be required to
get a semantics relative to which a given deductive system is complete is a
suﬃciently cunning model-theorist. Whether this semantics answers to the
pre-theoretic notion that was meant to be captured is an entirely diﬀerent
issue and must be argued for independently. Of course, should it turn out
that it does not capture logical consequence, and the deductive system is
sound and complete with respect to it, so much the worse for the deductive
system. But note that in such a case a completeness theorem, rather than
an incompleteness theorem seals the fate of this system. If the logic starts
out as a model-theoretic one, it is much less clear whether we can ﬁnd a
complete deductive system for it or a complete axiomatization of it. But the
mere lack of such a system cannot count as showing that the model-theoretic
logic is not a proper logic, especially not if we independently decide that the
model theory properly captures the (part of the) logical consequence relation
we were after.33

33

I am indebted to Ross Cameron, Daniel Cohnitz, Roy T. Cook, Philip Ebert,
Amy Hughes, Nikolaj Pedersen, Agustı́n Rayo, Stephen Read, Stewart Shapiro, Robbie Williams, Crispin Wright, and the participants of the FOL75 conference in Berlin for
many helpful comments and suggestions.
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Gödel and Model Theory. History and Philosophy of Logic, 18:79–93.
[Resnik, 1985] Resnik, Michael (1985). Logic: Normative or Descriptive?
The Ethics of Believe or a Branch of Psychology? Philosophy of Science,
52:221–238.
[Shapiro, 1991] Shapiro, Stewart (1991). Foundations Without Foundationalism: A Case For Second-Order Logic. Oxford University Press, Oxford.
[Shapiro, 1997] Shapiro, Stewart (1997). Philosophy of Mathematics: Structure and Ontology. Oxford University Press, Oxford.
[Shapiro, 1998] Shapiro, Stewart (1998). Logical Consequence: Models and
Modality. In Schirn, Matthias, editor, Philosophy of Mathematics Today.
Oxford University Press, Oxford, pages 131–156.
[Shapiro, 1999] Shapiro, Stewart (1999). Do Not Claim Too Much: SecondOrder and First-Order Logic. Philosophia Mathematica, 7:42–64.
[Simons, 1985] Simons, Peter (1985). A Semantics for Ontology. Dialectica,
39:193–216.
[Simons, 1993] Simons, Peter (1993). Who’s Afraid of Higher-Order Logic?
Grazer Philosophische Studien, 44:253–264.
[Simons, 1997] Simons, Peter (1997). Higher-order Quantiﬁcation and Ontological Commitment. Dialectica, 51:255–271.
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